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We compute the interaction energies of a two-atom system placed in the middle of a perfectly
reflecting planar cavity, in the perturbative regime. Explicit expressions are provided for the van
der Waals potentials of two polarisable atomic dipoles as well as for the electrostatic potential of
two induced dipoles. For the van der Waals potentials, several scenarios are considered, namely, a
pair of atoms in their ground states, a pair of atoms both excited, and a pair of dissimilar atoms
with one of them excited. In addition, the corresponding phase-shift of the two-atom wavefunction
is calculated in each case. The effects of the two-dimensional confinement of the electromagnetic
field by the cavity are analyzed in each scenario.
I. INTRODUCTION
Modifying the interaction of atoms with the electro-
magnetic (EM) field by means of a cavity is at the origin
of cavity-QED [1]. In the first place, a perfectly reflecting
cavity reduces the density of EM states accessible to the
spontaneous emission of a single atom. This results in an
enhancement of the atomic lifetime as well as in a shift of
the atomic levels. On the other hand, the strong coupling
between the cavity modes and the atomic charges drives
the coherent exchange of excitations between the atom
and the cavity field. Ultimately, these effects make pos-
sible the coherent manipulation of quantum states, the
entanglement between separated quantum systems [2, 3],
and the storage of quantum information.
Considering the cavity as a macroscopic system hardly
affected by the presence of the atoms inside, the inter-
action of the free EM field with the cavity plates can be
integrated out in an effective Hamiltonian. The resultant
EM interactions of the atoms are commonly referred to as
cavity-assisted interactions [3, 4]. This is a good approx-
imation as long as the excitation and emission spectra of
the atoms and the cavity material do not overlap, and as
long as the time resolution of observation is much larger
than the time of flight of photons from the atoms to the
cavity plates. Under these conditions, transient transi-
tions average out and the effective cavity-assisted inter-
actions become stationary. The net result is that photon
states get dressed by multiple scattering processes with
the cavity plates, and so does the photon propagator. It
is the modes of the dressed EM field which are commonly
referred to as cavity modes of the cavity field.
For the case of a perfectly reflecting planar cavity, both
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the atomic level shifts [5–9] and the modified lifetimes
[10–12] of an excited atom have been profusely studied
theoretically, and probed experimentally [13]. In this ar-
ticle we concentrate on the cavity-assisted dipole-dipole
interactions between two atoms placed in the middle of
a perfectly reflecting cavity–see Fig.1. This is a com-
mon setup in the generation of quantum entanglement
with Rydberg atoms [3, 14]. In contrast to previous ap-
proaches, our calculation applies to any interatomic dis-
tance. We compute several quantities of interest in the
non-degenerate, perturbative regime. These are, the van
der Waals (vdW) potentials for the case that both atoms
are in their ground states, for the case that both atoms
are excited, and for the case that one atom is excited
while the other, of a different kind, is in its ground state.
In addition, we calculate the electrostatic potential be-
tween two induced atomic dipoles. We give in each case
the corresponding phase-shift rate of the two-atom wave-
function. The vdW interaction in the non-perturbative
regime will be addressed in a separate publication.
Physically, the vdW and electrostatic potentials can be
observed through the forces experienced by each atom
when placed inside harmonic traps, which are propor-
tional to the displacements of the atoms with respect to
their equilibrium positions in the absence of interaction.
On the other hand, the phase-shift of the two-atom wave-
function can be observed using atom interferometry. For
instance, it is the shift that is observed in the binary in-
teraction of Rydberg atoms through the measurement of
population probabilities [2, 15].
Concerning our approach, we apply time-dependent
quantum perturbation theory, up to fourth order, in
the electric dipole approximation. The calculation is
performed in the non-degenerate, perturbative regime,
where the energy difference between the intermediate and
initial atomic states is much greater than the interaction
energy itself. For the case of the interaction between ex-
cited atoms, the excitation is assumed adiabatic with re-
spect to the detuning between the atomic species, which
2is a situation commonly encountered in experiments.
The main achievements of this work are, in the first
place, the computation of the Green function for the
cavity field which mediate the interaction between two
atomic dipoles placed in the middle of the cavity. The
effects of the confinement of the EM field to two spatial
dimensions are revealed. Second, we find out novel ex-
pressions for the resonant components of the vdW poten-
tials of each atom when excited. The difference between
each atom’s potentials as well as their discrepancy with
the phase-shift of the wavefunction are exposed.
The paper is organized as follows. In Sec.II we de-
scribe the setup of the problem and compute the relevant
components of the Green function of the cavity field. In
Sec.III we calculate the vdW potentials and the phase-
shifts on two-atom systems in the perturbative regime.
In Sec.IV we compute the electrostatic potential of two
induced dipoles. We summarize the conclusions in Sec.V.
FIG. 1: Sketch of the setup of the problem.
II. GREEN FUNCTION OF THE CAVITY
FIELD
We aim at computing the cavity-assisted dipole-dipole
interactions between two atoms, A and B, placed in the
middle of a perfectly reflecting planar cavity of thickness
d, and separated by a distance r along an axis parallel
to the cavity plates (see Fig.1). These interactions are
mediated by virtual photons created and annihilated at
the position of each atom. Hence the relevant quantity
to be computed is the Green function of the cavity field
that the atomic dipoles induce at the position of each
other.
To this end, we use the effective semiclassical approach
outlined in the introduction. The plates of the cavity
are treated as passive and semiclassical objects which
reflect photons with no losses. The photons mediating
the interactions are created at the position of the atoms
by the electric field operator in the interaction Hamilto-
nian, W . It reads, in the electric dipole approximation,
W = WA +WB , with WA,B = −dA,B · E(RA,B). Here
dA,B are the electric dipole moment operators of each
atom, E is the electric field operator and RA,B are the
classical position vectors of the atomic centers of mass,
with r = RA − RB. W is considered as a perturbation
to the free Hamiltonian of the atoms and the EM cavity
field, H0 = HA +HB +HEM , with
HA =
∑
i
~ωAi |Ai〉〈Ai|, HB =
∑
i
~ωBi |Bi〉〈Bi|,
HEM =
∑
k,~ǫ
~ω(a†
k,~ǫak,~ǫ + 1/2). (1)
Here, |Ai〉, |Bi〉 denote the ith states of atoms A, B, with
energies ~ωAi and ~ω
B
i , respectively. The operators a
†
k,~ǫ
and ak,~ǫ are the creation and annihilation operators of
photons of frequency ω = ck, momentum ~k and polar-
ization vector ~ǫ respectively, in terms of which the electric
field operators in WA,B read
E(RA,B) =
∑
k
E
(−)
k (RA,B) +E
(+)
k (RA,B) (2)
= i
∑
k,~ǫ
√
~ck
2Vǫ0
[~ǫake
ik·RA,B − ~ǫ ∗a†ke
−ik·RA,B ],
with V being a volume of quantization. Our semiclassical
approximation with regard to the interaction between the
EM field and the cavity plates consists of assuming that
the virtual photons created at the location of one of the
atoms reflect off the plates any number of times before be-
ing absorbed either by itself or by the other atom. In each
reflection process the dynamical excitation of the plates is
discarded, and so is the time of flight of photons between
any pair of scattering processes. Under these conditions,
the intermediate photonic states and the EM vacuum can
be considered as dressed by multiple reflection processes
with the cavity plates [16]. Equivalently, the dressing
can be assigned to the electric field operator within the
framework of macroscopic QED [4]. The net result is
the effective discretization of the modes of the EM field
within the cavity. Mathematically, this is achieved by
setting V = VCav in Eq.(2) or, equivalently, by impos-
ing ideal boundary conditions in Maxwell’s equations for
the electric field. Those are, the vanish of the compo-
nents of the electric field parallel to the plates and the
discontinuity of its normal component at the location of
the plates. By doing so, the resultant components of the
dyadic Green’s function G for the electric field induced
at a point (r, d/2) by a non-polarisable electric dipole of
frequency ω = ck placed at (0, d/2) are [17]
G‖‖(r, d/2; k) =
∫
d2q
2(2π)2
eiq·r
q2x − k
2
k2ρ sin ρd
(1− cos ρd),
(3)
G⊥⊥(r, d/2; k) =
∫
d2q
2(2π)2
eiq·r
q2y − k
2
k2ρ sin ρd
(1− cos ρd),
(4)
G00(r, d/2; k) =
∫
d2q
2(2π)2
eiq·r
q2
k2ρ sin ρd
(1 + cos ρd),
(5)
where q is a two-dimensional reciprocal vector parallel
to the plates and ρ ≡
√
k2 − q2. The quantization axis
3is taken perpendicular to the plates, which is denoted by
the index 0, while the indices ‖ and ⊥ refer to axis paral-
lel to the plates which are parallel and perpendicular to
r, respectively –cf. Fig.1. Off-diagonal components are
all null. According to the fluctuation-dissipation theo-
rem, the quadratic fluctuations of the electric field in the
dressed vacuum, |0˜γ〉, read at zero temperature
〈0˜γ |E(0, d/2; k)E
†(r, d/2; k)|0˜γ〉 =
−~k2
πǫ0
Im[G(r, d/2; k)].
(6)
It will be found useful in the calculations to use the
identity sin−1 ρd = −2i(1+ eiρd)
∑∞
m=1 e
iρmd in order to
write G as an infinite power series. In doing so, it is pos-
sible to ascribe a simple physical meaning to each term
of the resultant series. That is, the term of order m of
each component, say G
(m)
jj ∼ e
i mdρ, with j = 0, ‖,⊥, ac-
counts for the contribution of m reflections off the plates.
In the following, we will use either formulation according
to its mathematical manageability. Lastly, it is also use-
ful to write the components of G in the spherical basis,
with components {0,+,−}, in order to trace the polar-
ization of the photons which mediate the corresponding
atomic transitions, {π, σ−, σ+} respectively. The change
of basis yields the following relationships, G+− = G−+ =
(G‖‖ +G⊥⊥)/2, G++ = G−− = (G‖‖ −G⊥⊥)/2.
The imaginary parts of G‖‖, G⊥⊥ and G00 derive from
the poles of Eqs.(3), (4) and (5) respectively,
Im[G‖‖(r, d/2; k)] =
Int( kd
pi
)∑
n=1
(−1)n − 1
4dk2
[n2π2
d2
J0
(
r
√
k2 − n2π2/d2
)
+
√
k2 − n2π2/d2
r
J1
(
r
√
k2 − n2π2/d2
)]
, (7)
Im[G⊥⊥(r, d/2; k)] =
Int( kd
pi
)∑
n=1
(−1)n − 1
4dk2
[
k2J0
(
r
√
k2 − n2π2/d2
)
−
√
k2 − n2π2/d2
r
J1
(
r
√
k2 − n2π2/d2
)]
, (8)
Im[G00(r, d/2; k)] =
−1
4d
J0(kr)−
1
2k2d
Int( kd
2pi
)∑
n=1
[k2 − 4π2n2/d2] J0
(
r
√
k2 − 4n2π2/d2
)
, (9)
where J0 and J1 are the Bessel functions of the first kind of orders 0 and 1 respectively. As for the real parts of Gjj ,
making use of the Kramers-Kronig relationship, k2Re[Gjj(k)] =
2
π
∫∞
0 dk
′k′3Im[Gjj(k
′)]/(k′2 − k2), we obtain
Re[G‖‖(r, d/2; k)] = −
Int( kd
pi
)∑
n=1
(−1)n − 1
4dk2
[n2π2
d2
Y0
(
r
√
k2 − n2π2/d2
)
+
√
k2 − n2π2/d2
r
Y1
(
r
√
k2 − n2π2/d2
)]
+
∞∑
n=Int( kd
pi
)+1
(−1)n − 1
2πdk2
[n2π2
d2
K0
(
r
√
n2π2/d2 − k2
)
+
√
n2π2/d2 − k2
r
K1
(
r
√
n2π2/d2 − k2
)]
,
(10)
Re[G⊥⊥(r, d/2; k)] = −
Int( kd
pi
)∑
n=1
(−1)n − 1
4dk2
[
k2Y0
(
r
√
k2 − n2π2/d2
)
−
√
k2 − n2π2/d2
r
Y1
(
r
√
k2 − n2π2/d2
)]
+
∞∑
n=Int( kd
pi
)+1
(−1)n − 1
2πdk2
[
k2K0
(
r
√
n2π2/d2 − k2
)
−
√
n2π2/d2 − k2
r
K1
(
r
√
n2π2/d2 − k2
)]
,
(11)
Re[G00(r, d/2; k)] =
1
4d
Y0(kr) +
1
2k2d
Int( kd
2pi
)∑
n=1
[k2 − 4π2n2/d2] Y0
(
r
√
k2 − 4n2π2/d2
)
−
1
πk2d
∞∑
n=Int( kd
2pi
)+1
[k2 − 4π2n2/d2]K0
(
r
√
4n2π2/d2 − k2
)
, (12)
where Y0,1 and K0,1 are the Bessel functions (Y ) and modified Bessel functions (K) of the second kind, of orders 0
and 1 respectively.
4Alternatively, the above expressions can be written as series in powers of the number of reflections off the plates,
G‖‖(r, d/2; k) =
eikr
−4πk2
[ 2
r3
−
2ik
r2
]
−
∞∑
m=1
(−1)n
ik
2π
∫ 1
0
dq eiqkmd
[ 1 + q2
kr
√
1− q2
J1(kr
√
1− q2)− q2J2(kr
√
1− q2)
]
−
∞∑
m=1
(−1)n
k
2π
∫ ∞
0
dq e−qkmd
[ 1− q2
kr
√
1 + q2
J1(kr
√
1 + q2) + q2J2(kr
√
1 + q2)
]
, (13)
G⊥⊥(r, d/2; k) =
eikr
−4πk2
[−1
r3
+
ik
r2
+
k2
r
]
−
∞∑
m=1
(−1)n
ik
2π
∫ 1
0
dq eiqkmd
[ 1 + q2
kr
√
1− q2
J1(kr
√
1− q2)− J2(kr
√
1− q2)
]
−
∞∑
m=1
(−1)n
k
2π
∫ ∞
0
dq e−qkmd
[ 1− q2
kr
√
1 + q2
J1(kr
√
1 + q2)− J2(kr
√
1 + q2)
]
, (14)
G00(r, d/2; k) =
eikr
−4πk2
[−1
r3
+
ik
r2
+
k2
r
]
−
∞∑
m=1
(−1)n
ik
2π
∫ 1
0
dq eiqkmd(1− q2)J0(kr
√
1− q2)
−
∞∑
m=1
(−1)n
k
2π
∫ ∞
0
dq e−qkmd(1 + q2)J0(kr
√
1 + q2). (15)
III. VAN DER WAALS POTENTIALS
At leading order in time-dependent perturbation the-
ory, twenty-four processes contribute to the vdW poten-
tials of each atom in which a couple of photons are ex-
changed between the two atoms in all possible orders, two
terms for each of the diagrams in Figs. 2 and 3 [20, 21, 25].
In terms of the vdW potentials, 〈WA,B/2〉, the forces
on each atom are FA,B = ∓∇r〈WA,B/2〉, respectively,
with r = RA − RB [20]. In every case, i.e., either for
ground or for excited state atoms, virtual transitions be-
tween atomic levels are accompanied by the exchange of
off-resonant photons of frequency ω . c/r. Their con-
tribution to the vdW potentials are referred to as off-
resonant vdW potentials. In addition, for the case that
one or both atoms be excited, transitions to lower energy
atomic levels proceed through the exchange of photons
which resonate with the transitions. Their contribution
to the vdW potentials are referred to as resonant vdW
potentials [4, 16]. Interestingly, while the off-resonant
potentials of each atom are equivalent, the resonant po-
tentials differ [20, 21].
A. Off-resonant van der Waals potentials and
off-resonant phase-shift
The off-resonant component of the vdW potentials is
present in the interaction between any pair of atoms re-
gardless of whether they are in excited or ground states.
Let us denote these states by a and b for atoms A and
B respectively. The off-resonant potentials of each atom
coincide, 〈WA/2〉off = 〈WB/2〉off, and so does the as-
sociated phase-shift rate of the two-atom wavefunction,
δEoff = 〈WA,B/2〉off. These energies can be also com-
puted within the framework of stationary perturbation
FIG. 2: Diagrammatic representation of the twenty-four
terms which contribute to 〈WA〉, two for each of the twelve
diagrams.
theory [4, 16, 18, 19]. It includes both upwards and down-
wards virtual transitions to intermediate atomic levels.
The addition of the contributions of the twelve diagrams
in Figs. 2 , 3 or 5 yields [4, 19]
〈WA,B/2〉off =
−2
π~ǫ20c
3
∑
i,j
∫ ∞
0
du
u4ωiaωjb
(u2 + k2ia)(u
2 + k2jb)
× dai ·G(r; iu) · djb dbj ·G(r; iu) · dia
= δEoff, (16)
with ωia = ω
A
i − ω
A
a , kia = ωia/c, ωjb = ω
B
j − ω
B
b ,
kjb = ωjb/c, dai = 〈Aa|dA|Ai〉, and dbj = 〈Bb|dB|Bj〉.
As it stands, it suffices to substitute the expressions of
the Green function components in order to calculate the
off-resonant vdW potential for any particular case. Eval-
uating Eqs. (13-15) at imaginary frequencies and per-
forming the summation over any number of reflections,
5we find in the spherical basis,
G+−(r; iu) =
e−ur
8πu2
[1/r3 + u/r2 − u2/r]
+
∫ ∞
1
dζ
4π
euζd − 1
e2uζd − 1
u(1 + ζ2)J0(ur
√
ζ2 − 1), (17)
G++(r; iu) =
e−ur
8πu2
[3/r3 + 3u/r2 + u2/r]
+
∫ ∞
1
dζ
4π
euζd − 1
e2uζd − 1
u(1− ζ2)J2(ur
√
ζ2 − 1), (18)
G00(r; iu) =
e−ur
−4πu2
[1/r3 + u/r2 + u2/r]
+
∫ ∞
1
dζ
2π
euζd + 1
e2uζd − 1
u(ζ2 − 1)J0(ur
√
ζ2 − 1), (19)
where the dependence of G on d/2 has been omitted in
its argument for brevity. In all the expressions above
the first terms are the components of the Green func-
tion in free-space, whereas the second terms result from
multiple scattering off the cavity plates. As a conse-
quence, the factor G2 in the integrand of Eq.(16) contains
terms with two free-space factors which decay exponen-
tially at u ∼ 2/r, terms with two multiple-scattering fac-
tors which are exponentially suppressed at u ∼ 2/d, and
terms which combine free-space and scattering factors
that decay exponentially at u ∼ min(1/r, 1/d).
FIG. 3: Diagrammatic representation of the twenty-four
terms which contribute to 〈WB〉.
The calculation of 〈WA,B/2〉off requires the numerical
integration of Eq.(16), which depends generally on the
transition frequencies of both atoms. Nonetheless, as-
suming that those frequencies are roughly of the same or-
der, sayK ≃ kia, kjb ∀i, j, the dependence of 〈WA,B/2〉off
on the particular values of transition frequencies and
dipole moments can be factored out such that approx-
imately universal potentials can be defined as functions
of r and d only. That is, we can write
〈WA,B/2〉off ≃
−2K5
π~ǫ20c
∑
i,j
Cij
[
|d0Ai0d
0
B0j
|2V 00off (r, d) (20)
+ (|d+iad
+
bj |
2 + |d−iad
−
bj |
2)V ++off (r, d)
+ (|d+iad
−
bj |
2 + |d−iad
+
bj |
2)V +−off (r, d)
]
,
where Cij is a numerical factor of order unity whose
sign is given by sgn(ωaiωjb); d
p
ia = 〈Aa|d
p
A|Ai〉 is the p-
component of the ith transition dipole moment of atom
A, and likewise for atom B; and
V pqoff (r, d) =
∫ ∞
0
dq q4G2pq(r; iKq)/[K(q
2 + 1)]2, (21)
with p, q = {+,−, 0}, are the components in the spherical
basis of the adimensional off-resonant vdW tensor poten-
tial, which depends only on r, d, and is independent of the
internal atomic variables.
The components of Voff are represented in Fig.4 as
functions of d and for a fixed value of the interatomic
distance, r = 1/5K. Their corresponding values in free-
space are also included for the sake of comparison. We
observe that, as d approaches r, the cavity confines the
EM field to two effective dimensions. Interestingly, three
different behaviors are found. Whereas V ++off decreases
monotonically to zero for d ≪ r, the component V +−off
shows a bump around d ∼ r, after which it decreases
to zero as well. In contrast, V 00off gets minimum around
d ∼ r and increases monotonically for d≪ r.
B. Resonant van der Waals potentials and resonant
phase-shift
In contrast to the off-resonant interaction, part of
the vdW interaction between excited atoms is medi-
ated by virtual photons which resonate with the tran-
sitions of one or the other atom, which is referred to as
resonant interaction [16]. Correspondingly, we refer to
the resonant contributions to the potentials and to the
phase-shift as resonant vdW potentials (res), and reso-
nant phase-shift respectively. On the other hand, these
resonant photons mediate also the periodic transfer of
the excitation between both atoms. In the perturbative
regime this transfer has a small probability proportional
to |〈W 〉|/~|∆AB| ≪ 1, where ∆AB is the detuning be-
tween the relevant transition frequencies of the atoms.
It is due to this partial and periodic transfer, as well as
to the finite lifetime of excited states, that the vdW po-
tentials with excited atoms become dynamical and are
to be computed within the framework of time-dependent
perturbation theory [20–25]. Further, for the usual case
that the excitation of the atoms be adiabatic with respect
to the detuning ∆AB [20, 24], the calculation simplifies
to assuming that in the far past the atoms are initially
6FIG. 4: Graphic representation of the three components of the adimensional tensor potential Voff of Eq.(21) as functions of d
for a fixed value of r at 1/5K. For comparison, the values of the analogous quantities in free space, i.e., for d → ∞, are also
depicted with dashed lines.
FIG. 5: Diagrammatic representation of the twelve terms
which contribute to the phase-shift of the two-atom wave-
function, δE .
excited and the interaction potentialW is turned on adi-
abatically.
1. One atom excited
For the case that only one of the atoms is excited, say
atom A at state a > 0, while atom B is in its ground
state with b = 0, only the diagrams (1) and (3) of Figs.2
and 3 contribute to the resonant potentials of atoms A
and B, respectively, yielding [20, 21]
〈WA/2〉res =
∑
j,i<a
2ωj0k
4
ai
ǫ20~(ω
2
ai − ω
2
j0)
dmaid
n
0jd
p
j0d
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
− Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
, (22)
〈WB/2〉res =
∑
j,i<a
2ωj0k
4
ai
ǫ20~(ω
2
ai − ω
2
j0)
dmaid
n
0jd
p
j0d
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
+ Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
. (23)
For the sake of illustration, we write in the Appendix
the explicit expressions of the contributions of diagrams
Fig.2(3) and Fig.3(2) to 〈WA/2〉res and 〈WB/2〉res, re-
spectively.
Again, assuming that those frequencies are roughly of
the same order, say K ≃ kai, kj0 ∀ i, j, Eqs.(22) and (23)
can be approximated by
〈WA,B/2〉res ≃
2K5
π~ǫ20c
∑
i,j
C
′
ij
[
|d0iad
0
0j |
2V 00A,Bres(r, d)
+ (|d+iad
+
0j |
2 + |d−iad
−
0j |
2)V ++A,Bres(r, d)
+ (|d+iad
−
0j |
2 + |d−iad
+
0j |
2)V +−A,Bres(r, d)
]
, (24)
where C
′
ij is a numerical factor of order unity, of the same
sign as ωai − ωj0, and the adimensional potentials read
V pqAres(r, d) =
[
Re2[Gpq(r,K)]− Im
2[Gpq(r,K)]
]
/K2,
(25)
V pqBres(r, d) =
[
Re2[Gpq(r,K)] + Im
2[Gpq(r,K)]
]
/K2,
(26)
with p, q = {+,−, 0}. As in free-space, it is the discrep-
ancy of the sign on the second term in each potential that
gives rise to a net force on the two-atom system [20–22].
As for the resonant phase-shift, the addition of di-
agrams (1) and (3) of Fig.5 is in this case δEres =
〈WA/2〉res [20, 24].
The components of VAres and VBres are represented in
Fig.6, in thick continuous and dashed lines, respectively,
as functions of r for two different values of d, 2/K (upper
inset) and 20/K (lower inset). The free-space potentials
are also depicted by thin lines for the sake of compari-
son. For d . 1/K the confinement effect of the cavity is
negligible. Generally, as already found in Refs.[20, 22],
in free space all the components of VfreeBres decrease mono-
tonically with r and are the envelope of the oscillatory
components of VfreeAres in the upper half plane. In contrast,
for d = 2/K, the components +− and ++ of VAres de-
crease monotonically with r and coincide with those of
VBres. As for d = 20/K, we observe that all the com-
ponents of VBres oscillate, but without changing sign.
7However, whereas the pseudo-period of the oscillations
of the components ++ and +− are much longer than the
corresponding periods of the components ++ and +− of
VAres, V
00
Bres contains faster sub-oscillations whose period
is similar to the one of V 00Ares.
FIG. 6: Graphic representation of the three components of the adimensional potentials in Eqs.(25,26), as functions of r for two
different values of d, 2/K (upper inset) and 20/K (lower inset).
2. Two dissimilar atoms excited
When both atoms are excited, say on states a > 0
and b > 0, in addition to diagrams (1) and (3), also
the diagrams (2), (4), and (5-10) of Figs.2, 3 and 5 are
relevant. The perturbative regime implies in this case
that |〈W 〉| ≪ ~|ωai − ωjb|, for any pair of intermediate
states i, j, with i < a, j > b; and |〈W 〉| ≪ ~|ωbj − ωai|
for any i > a, j < b. For the sake of illustration, explicit
expressions of the contributions of diagrams (9) and (10)
of Figs.2, 3 and 5 to 〈WA/2〉res, 〈WB/2〉res and δEres,
respectively, have been included in the Appendix for the
case of two dissimilar atoms excited.
Generically, we can distinguish three different contri-
butions to 〈WA,B/2〉res. These are, a first one in which
the intermediate states satisfy i > a, j < b, a second one
in which they satisfy i < a, j > b, and a third one for
which i < a, j < b. Putting them all together we have,
〈WA/2〉res =
∑
j>b,i<a
2ωjbk
4
ai
ǫ20~(ω
2
ai − ω
2
jb)
dmaid
n
bjd
p
jbd
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
− Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
+
∑
j<b,i>a
2ωiak
4
bj
ǫ20~(ω
2
bj − ω
2
ia)
dmbjd
n
aid
p
iad
q
jb
×
{
Re[Gmn(r, kbj)]Re[Gpq(r, kbj)]
+ Im[Gmn(r, kbj)]Im[Gpq(r, kbj)]
}
−
∑
j<b,i<a
2ωbjk
4
ai
ǫ20~(ω
2
ai − ω
2
bj)
dmaid
n
jbd
p
bjd
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
− Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
+
∑
j<b,i<a
2ωaik
4
bj
ǫ20~(ω
2
ai − ω
2
bj)
dmbjd
n
aid
p
iad
q
jb
×
{
Re[Gmn(r, kbj)]Re[Gpq(r, kbj)]
+ Im[Gmn(r, kbj)]Im[Gpq(r, kbj)]
}
, (27)
8〈WB/2〉res =
∑
j>b,i<a
2ωjbk
4
ai
ǫ20~(ω
2
ai − ω
2
jb)
dmaid
n
bjd
p
jbd
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
+ Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
+
∑
j<b,i>a
2ωiak
4
bj
ǫ20~(ω
2
bj − ω
2
ia)
dmbjd
n
aid
p
iad
q
jb
×
{
Re[Gmn(r, kbj)]Re[Gpq(r, kbj)]
− Im[Gmn(r, kbj)]Im[Gpq(r, kbj)]
}
−
∑
j<b,i<a
2ωbjk
4
ai
ǫ20~(ω
2
ai − ω
2
bj)
dmaid
n
jbd
p
bjd
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
+ Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
+
∑
j<b,i<a
2ωaik
4
bj
ǫ20~(ω
2
ai − ω
2
bj)
dmbjd
n
aid
p
iad
q
jb
×
{
Re[Gmn(r, kbj)]Re[Gpq(r, kbj)]
− Im[Gmn(r, kbj)]Im[Gpq(r, kbj)]
}
. (28)
Note that analogous expressions were obtained by Bar-
cellona et al. in Ref.[22] in free space.
Lastly, as for the phase shift of the two-atom wave
function we find,
δEres =
∑
j>b,i<a
2ωjbk
4
ai
ǫ20~(ω
2
ai − ω
2
jb)
dmaid
n
bjd
p
jbd
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
− Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
+
∑
j<b,i>a
2ωiak
4
bj
ǫ20~(ω
2
bj − ω
2
ia)
dmbjd
n
aid
p
iad
q
jb
×
{
Re[Gmn(r, kbj)]Re[Gpq(r, kbj)]
− Im[Gmn(r, kbj)]Im[Gpq(r, kbj)]
}
−
∑
j<b,i<a
2ωbjk
4
ai
ǫ20~(ω
2
ai − ω
2
bj)
dmaid
n
jbd
p
bjd
q
ia
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
− Im[Gmn(r, kai)]Im[Gpq(r, kai)]
}
+
∑
j<b,i<a
2ωaik
4
bj
ǫ20~(ω
2
ai − ω
2
bj)
dmbjd
n
aid
p
iad
q
jb
×
{
Re[Gmn(r, kbj)]Re[Gpq(r, kbj)]
− Im[Gmn(r, kbj)]Im[Gpq(r, kbj)]
}
. (29)
3. Two identical atoms excited
We consider next the case in which the two atoms are
identical, A = B, and find in the same excited state
a > 0. The non-degenerate condition necessary for the
calculation to be perturbative reads in this case |〈W 〉| ≪
~|ωai−ωja|, for any pair of intermediate states i, j, with
i < a, j > a.
In comparison to the case of dissimilar atoms, the only
difference in the calculation is the presence of double
poles when i = j in the frequency integrals which de-
rive from the diagrams (3), (4), (9) and (10). Explicit
expressions of the contributions of diagram (4) in Figs.2
and 5 to 〈WA/2〉res and δEres, respectively, have been
included in the Appendix for the case of two identical
atoms excited. As for the vdW potential, it reads,
〈WA/2〉res =
∑
i<a,j 6=i
4ωjak
4
ai
ǫ20~(ω
2
ai − ω
2
ja)
dmaid
n
jad
p
ajd
q
ia (30)
× Re[Gmn(r, kai)]Re[Gpq(r, kai)]
+
∑
i<a,j=i
k2ai
ǫ20c~
dmaid
n
iad
p
aid
q
ia
×
{
kaiRe[Gmn(r, kai)]Re[Gpq(r, kai)]
− 2Re[Gmn(r, kai)]
∂
∂k
[
k2Re[Gpq(r, k)]
]
k=kai
}
,
whereas the phase shift of the two-atom wavefunction is
δEres =
∑
i<a,j 6=i
4ωjak
4
ai
ǫ20~(ω
2
ai − ω
2
ja)
dmaid
n
jad
p
ajd
q
ia (31)
×
{
Re[Gmn(r, kai)]Re[Gpq(r, kai)]
− Im[Gij(r, kai)]Im[Gpq(r, kai)]
}
+
∑
i<a,j=i
k2ai
ǫ20c~
dmaid
n
iad
p
aid
q
ia
×
{
kaiRe[Gmn(r, kai)]Re[Gpq(r, kai)]
− kaiIm[Gmn(r, kai)]Im[Gpq(r, kai)]
− 2Re[Gmn(r, kai)]
∂
∂k
[
k2Re[Gpq(r, k)]
]
k=kai
}
.
IV. ELECTROSTATIC POTENTIAL BETWEEN
INDUCED DIPOLES
Another case of interest commonly encountered in ex-
periments is that of the electrostatic interaction between
two atomic dipoles induced by an external static field E0.
The contribution of the twenty-four diagrams of Fig.7
reduces to the electrostatic interaction between two in-
duced electric dipoles, A and B, with moments αaA(0)E0
and αbB(0)E0, where α
a,b
A,B(0) are the static polarisabili-
ties of each atom in the states a and b respectively. The
9interaction potentials of each atom coincide in this case,
and so does the associated phase-shift rate of the two-
atom wavefunction. We denote that potential by V stAB , so
that it holds 〈WA〉 = 〈WB〉 = δE
st ≡ V stAB(r), being the
forces on each atom FA,B = ∓∇rV
st
AB(r), respectively
1.
The addition of all the contributions of the diagrams of
Fig.7 (which refer to 〈WA〉, in particular), yields
V stAB(r) =
8
πǫ0c2~2
∑
i,j
〈a|d|i〉 · E0〈b|d|j〉 · E0
ωiaωjb
(32)
×
∫ ∞
0
dω ωTr{〈i|d|a〉 · Im[G(r, d/2;ω)] · 〈j|d|b〉}.
Next, in application of the Kramers-Kronig relations on
the Green function and writing its tensor components in
the spherical basis, the above equation can be written as
V stAB(r) =
4
ǫ0c2~2
∑
i,j
〈a|d|i〉 ·E0〈b|d|j〉 · E0
ωiaωjb
lim
ω→0
ω2Tr{〈i|d|a〉 · Re[G(r, d/2;ω)] · 〈j|d|b〉},
=
4π
ǫ0~2d3
∑
i,j
1
ωiaωjb
[(
|〈i|dA+|a〉|
2|〈j|dB+ |b〉|
2(E+0 )
2 + |〈i|dA−|a〉|
2|〈j|dB−|b〉|
2(E−0 )
2
)
V st++(r)
+ |〈i|dA0 |a〉|
2|〈j|dB0 |b〉|
2(E00 )
2V st00 (r) +
(
|〈i|dA+|a〉|
2|〈j|dB−|b〉|
2 + |〈i|dA−|a〉|
2|〈j|dB+|b〉|
2
)
E−0 E
+
0 V
st
+−(r)
]
,
where the adimensional potentials read
V st00 (r) = 4
∑
n=1
n2K0(
2πr
d
n),
V st++(r) =
∑
n=1
(−1)n − 1
4
[
n2K0(
πr
d
n) +
2d
πr
n K1(
πr
d
n)
]
,
V st+−(r) =
∑
n=1
(−1)n − 1
4
n2K0(
πr
d
n), (33)
with K0 and K1 being modified Bessel functions of the
second kind, of zero and first orders respectively. In the
limit r/d → 0 the above functions converge to the free
space values, V st free00 = d
3/4π2r3, V st free++ = −3d
3/8π2r3
and V st free+− = −d
3/8π2r3, respectively. In Fig.8, the ra-
tios between the three components of the cavity electro-
static potential and their corresponding values in free-
space are represented as functions of r/d. We observe
that they all go to zero as r/d ≫ 1. However, while the
components 00 and ++ decrease monotonically with r/d,
the component +− presents a maximum around r ≈ d
which overtakes the value in free-space.
V. CONCLUSIONS
In this article we have computed the dyadic Green’s
function of the cavity field which mediates the interaction
between two atomic dipoles placed in the middle of a
perfectly reflecting planar cavity. The components of the
Green tensor are given in Eqs.(7-12) and, as series in the
number of reflection, in Eqs.(13-15).
FIG. 7: Diagrammatic representation of the twenty-four
terms (two times twelve after the exchange A ↔ B) which
contribute to 〈WA〉 = V
st
AB under the action of a constant
and uniform external field E0, whose interaction Hamiltonian
−(dA + dB) · E0 is depicted by dashed arrows.
The van der Waals potentials of each atom as well
as the associated phase-shift of their wavefunction have
been calculated, in the perturbative regime, for several
cases of interest. These are, for the case that both atoms
are in their ground states, for the case that both atoms
are excited, and for the case that one atom is excited
while the other, of a different kind, is in its ground state.
The discrepancies between the resonant components of
the vdW potentials and phase-shifts have been exposed
for each case. In addition, we have calculated the electro-
static potential between two induced atomic dipoles. In
all the cases, the two-dimensional confinement of the EM
field by the cavity arises as the cavity width approaches
the interatomic distance, and its effects depend on the
10
FIG. 8: Graphic representation of the three adimensional po-
tentials V st00 , V
st
++ and V
st
+−, as functions of r and normalized
by the corresponding potentials in free space.
polarization. A qualitative analysis of these effect has
been carried out in each case, comparing the polarization-
dependent potentials of the atoms within the cavity with
their corresponding values in free-space [Figs.4,6 and 8].
Acknowledgments
We thank M.-P. Gorza, M. Brune, J.-M. Raimond,
A. Lambrecht and S. Reynaud for useful discussions on
this problem. Financial support from the French con-
tracts ANR-10-IDEX-0001-02-PSL and ANR-13-BS04–
0003-02, and from the Spanish grants MTM2014-57129-
C2-1-P (MINECO) and VA057U16 (Junta de Castilla y
Leo´n) is gratefully acknowledged.
Appendix: Resonant contributions of some diagrams to the van der Waals potentials and phase-shifts
In the following, we write the expressions of the resonant contributions of some diagrams to the vdW potentials
and phase-shifts at order four in W . The rules to read off each diagram are as follows. The four vertices yield a
tensor factor
2αfc
3
πǫ0e2
draid
s
jbd
p
jbd
q
ai; each wavy line contributes with a cavity field Green’s function, k
2ImGpq(r, k); and
time-propagators are inserted between any pair of consecutive vertices, with time evolving from above and from below
in the far past, towards the observable vertex at instant T – as sketched in the diagrams (1) and (2) of Figs.2, 3 and
5.
For the case of one atom excited, we give the expressions of the contributions of diagrams Fig.2(3) and Fig.3(2) to
〈WA/2〉res and 〈WB/2〉res, respectively, in the adiabatic approximation. As for diagram Fig.2(3), its contribution to
〈WA/2〉res is
2αfc
3
πǫ0e2
∑
i<a,j
draid
s
j0d
p
j0d
q
ai
∫ +∞
−∞
dk k2ImGrs(r, k)
∫ +∞
−∞
dk′ k′2ImGpq(r, k
′)
×
∫ T
−∞
dt
∫ t
−∞
dt′
∫ t′
−∞
dt′′ eη(t+t
′+t′′)
[(
i eiωaiT e−i(T−t)ωe−i(t−t
′)(ω+ω′+ωj0)e−i(t
′−t′′)ω′e−it
′′ωai
)
+ (ω ↔ ω′)∗
]
=
−4αfc
3
πǫ0e2
Re
∑
i<a,j
draid
s
j0d
p
j0d
q
ai
∫ +∞
−∞
dk
∫ +∞
−∞
dk′ k2ImGrs(r, k) k
′2ImGpq(r, k
′)
[ω + ω′ − (ωai − ωj0)](ω − ωai − iη)(ω′ − ωai − iη)
, η → 0+.(A.1)
The contribution of diagram Fig.3(2) to 〈WB/2〉res reads
Re
2αfc
3
πǫ0e2
∑
i<a,j
draid
s
j0d
p
j0d
q
ai
∫ +∞
−∞
dk k2ImGrs(r, k)
∫ +∞
−∞
dk′ k′2ImGpq(r, k
′)
×
∫ T
−∞
dt
∫ t
−∞
dt′
∫ T
−∞
dt′′ eη(t+t
′+t′′)
[(
−iei(T−t)ωBei(t−t
′)ωeiωAt
′
e−i(T−t
′′)ω′e−it
′′ωA
)
+ (ω ↔ ω′)
]
=
4αfc
3
πǫ0e2
Re
∑
i<a,j
draid
s
j0d
p
j0d
q
ai
∫ +∞
−∞
dk
∫ +∞
−∞
dk′
k2ImGrs(r, k) k
′2ImGpq(r, k
′)
(ωai − ωj0)(ω − ωai − iη)(ω′ − ωai + iη)
, η → 0+. (A.2)
As for the case of two dissimilar atoms excited, we give the expressions of the contributions of diagrams (9) and (10)
of Figs.2, 3 and 5 to 〈WA/2〉res, 〈WB/2〉res and δEres, respectively, in the adiabatic approximation. The contributions
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of diagram (9) are, respectively,
2αfc
3
πǫ0e2
∑
i<a,j<b
draid
s
jbd
p
jbd
q
ai
∫ +∞
−∞
dk k2ImGrs(r, k)
∫ +∞
−∞
dk′ k′2ImGpq(r, k
′)
×
[∫ T
−∞
dt
∫ t
−∞
dt′
∫ t′
−∞
dt′′ eη(t+t
′+t′′)
(
i e−i(T−t)(ω+ωbj)e−i(t−t
′)(ω+ω′)e−i(t
′−t′′)(ω+ωai)e−it
′′(ωai+ωbj)
)
+
∫ T
−∞
dt
∫ T
−∞
dt′
∫ t′
−∞
dt′′ eη(t+t
′+t′′)
(
i ei(ωai+ωbj)T e−i(T−t)(ω+ωai)e−it(ωai+ωbj)ei(T−t
′)(ω+ω′)ei(t
′−t′′)(ω+ωbjeit
′′(ωai+ωbj)
)]
=
−2αfc
3
πǫ0e2
Re
∑
i<a,j<b
draid
s
jbd
p
jbd
q
ai
∫ +∞
−∞
dk
∫ +∞
−∞
dk′
[ k2ImGrs(r, k) k′2ImGpq(r, k′)
(ω + ω′ − ωai − ωbj − 2iη)(ω − ωbj − iη)(ω − ωai − 3iη)
+
k2ImGrs(r, k) k
′2ImGpq(r, k
′)
(ω + ω′ − ωai − ωbj + 2iη)(ω − ωbj − iη)(ω − ωai + iη)
]
, η → 0+, to 〈WA/2〉res; (A.3)
2αfc
3
πǫ0e2
∑
i<a,j<b
draid
s
jbd
p
jbd
q
ai
∫ +∞
−∞
dk k2ImGrs(r, k)
∫ +∞
−∞
dk′ k′2ImGpq(r, k
′)
×
[∫ T
−∞
dt
∫ t
−∞
dt′
∫ T
−∞
dt′′ eη(t+t
′+t′′)
(
−i e−i(T−t)(ω+ω
′)e−i(t−t
′)(ω+ωai)e−it
′(ωbj+ωai)ei(T−t
′′)(ω+ωbj)eit
′′(ωai+ωbj)
)
+
∫ T
−∞
dt
∫ t
−∞
dt′
∫ t′
−∞
dt′′ eη(t+t
′+t′′)
(
−i e−i(ωai+ωbj)T ei(T−t)(ω+ωai)ei(t−t
′)(ω+ω′)ei(t
′−t′′)(ω+ωbj)eit
′′(ωai+ωbj)
)]
=
−2αfc
3
πǫ0e2
Re
∑
i<a,j<b
draid
s
jbd
p
jbd
q
ai
∫ +∞
−∞
dk
∫ +∞
−∞
dk′
[ k2ImGrs(r, k) k′2ImGpq(r, k′)
(ω + ω′ − ωai − ωbj − 2iη)(ω − ωai + iη)(ω − ωbj − iη)
+
k2ImGrs(r, k) k
′2ImGpq(r, k
′)
(ω + ω′ − ωai − ωbj + 2iη)(ω − ωai + iη)(ω − ωbj + 3iη)
]
, η → 0+, to 〈WB/2〉res; (A.4)
and
2αfc
3
πǫ0e2
∑
i<a,j<b
draid
s
jbd
p
jbd
q
ai
∫ +∞
−∞
dk k2ImGrs(r, k)
∫ +∞
−∞
dk′ k′2ImGpq(r, k
′)
×
∫ T
−∞
dt
∫ t
−∞
dt′
∫ t′
−∞
dt′′ eη(t+t
′+t′′)
(
i e−i(T−t)(ω+ωbj)e−i(t−t
′)(ω+ω′)e−i(t
′−t′′)(ω+ωai)e−it
′′(ωai+ωbj)
)
(A.5)
=
−2αfc
3
πǫ0e2
Re
∑
i<a,j<b
draid
s
jbd
p
jbd
q
ai
∫ +∞
−∞
dk
∫ +∞
−∞
dk′ k2ImGrs(r, k) k
′2ImGpq(r, k
′)
(ω + ω′ − ωai − ωbj − 2iη)(ω − ωbj − iη)(ω − ωai − 3iη)
, η → 0+,
to δEres.
The corresponding contributions of diagram (10) are identical to those of diagram (9), but for the exchange of
subindices ai↔ bj in all the expressions above.
Finally, for the case of two identical atoms excited, in the perturbative regime, we give the expressions of the
contributions of diagram (4) of Figs.2 and 5, with double poles, to 〈WA/2〉res and δEres, respectively, in the adiabatic
approximation. These are,
4αfc
3
πǫ0e2
Re
∑
i<a
draid
s
aid
p
aid
q
ai
∫ +∞
−∞
dk k2ImGrs(r, k)
∫ +∞
−∞
dk′ k′2ImGpq(r, k
′)
×
∫ T
−∞
dt
∫ T
−∞
dt′
∫ t′
−∞
dt′′ eη(t+t
′+t′′)
(
−i ei(T−t)(ω+ωai)e2itωaie−i(T−t
′)(ω+ω′)e−i(t
′−t′′)(ω′+ωai)e−2it
′′ωai
)
(A.6)
=
−4αfc
3
πǫ0e2
Re
∑
i<a
draid
s
aid
p
aid
q
ai
∫ +∞
−∞
dk
∫ +∞
−∞
dk′ k2ImGrs(r, k) k
′2ImGpq(r, k
′)
(ω + ω′ − 2ωai − 2iη)(ω′ − ωai − iη)(ω − ωai + iη)
, η → 0+,
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to 〈WA/2〉res; and
4αfc
3
πǫ0e2
Re
∑
i<a
draid
s
aid
p
aid
q
ai
∫ +∞
−∞
dk k2ImGrs(r, k)
∫ +∞
−∞
dk′ k′2ImGpq(r, k
′)
×
∫ T
−∞
dt
∫ t
−∞
dt′
∫ t′
−∞
dt′′ eη(t+t
′+t′′)
(
i e2iTωaiei(T−t)(ω+ωai)e−i(t−t
′)(ω+ω′)e−i(t
′−t′′)(ω′+ωai)e−2it
′′ωai
)
(A.7)
=
−4αfc
3
πǫ0e2
Re
∑
i<a
draid
s
aid
p
aid
q
ai
∫ +∞
−∞
dk
∫ +∞
−∞
dk′ k2ImGrs(r, k) k
′2ImGpq(r, k
′)
(ω + ω′ − 2ωai − 2iη)(ω′ − ωai − iη)(ω − ωai − 3iη)
, η → 0+,
to δEres. In this case, the results of the frequency integrals in Eqs.(A.6) and (A.7) coincide.
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